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Abstract. The necessity to transform the standard (for Biageclimatic 8-point
wind roses, name®bserved Wind Ros¢é®WR), was described in previous paper of
the authors - Gromkova at al. The algorithm of glatton of the so-calle@rimitive
Wind Rosg(PWR) and further on th&ransformed Wind Ros@WR) in different
number of compass directions then 8 is the purpb#ee present paper.
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Abbreviations:

OWR —Observed Wind Roses PWR —Primitive Wind Rose
TWR —Transformed Wind Rose c.d.f. —cumulative distribution function
DWR —Discrete Wind Rose p.d.f. —probability density function

I ntroduction

The standard wind roses are represented with 8-aesngirections — one for each
45° of the horizon, in the Climatic reference badkBulgaria (1982). It was shown in a
previous paper (Gromkova et al. 20 ..) that usistgadard wind rose the determination of
the annual mean air pollution concentration figlohf a point source is not adequate. For
this reason the presented algorithm to transfomm8tpoint wind rose to a rose with more
(or less, if it necessary) compass direction waated.

In Gromkova at al., 20... a wind direction was addpas stochastic event and a
random variable X with a correspondiecgmulative distribution functior F(x) and a
probability density functior p(x,0) was associated to it. In the present paper aithgn
for obtaining theprobability density function- p(x,0) (p.d.f.) of the so-calle®bserved
Wind RosefOWR) — the rose from the Climatic reference bodlBulgaria (1982), and
then to calculate the so-calléidansformed Wind Rosm different compass directions
(usually more) is presented.
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Deter mination of the parameter @ of the function p(x,6)

Variant 1

The functionp(x,0) — probability density functior in this variant has the
form:
p(x,a,b) =a +bix (1)

in the intervals X, x..]. Between every two compass directions there Ig one straight
line. There are 12 unknowns:a, — they-intercept, andy, — the slope of the line, if the
compass directions are A method for determining the unknowns is givetobe
ReplacingN(x) andN(x,) in the mtegrals of formulas (1) and (2) in Grammk at
al, 20...., by the empirical estlmaté‘sl and Nl, and substituting; by x; = 2( — 1} in the

limits of the integrals, the following expressicare obtained:

2=t (2i-Dt
N, = [(a,+h.2dz + [(@+b2)dz, i=2,3, ..n
(2i-3)t 2(i-Dt
A 2nt
N, = j(a +b, 7)dz + j(a1+blz)dz i =1 (= 0).
(2n-Dt
After integration and some transformations theofwlhg relations are reached:
M|:di-1+di+(4i—5))i-1+(4i—3))i, i=2,3,...n (2)
M]_:dn+dl+(4n_1bn+bl) i:11 (3)

whereM; = ZNi /t? andd; = 2a; /t.

The condition the strength lines defined with (@)have equal values on both
sides of the compass direction points (Gromko\ad,e20....) is:

di + 4(i - l))i = di-]_ + 4(i — lbi.l, i=2,3,...,n, (4)
dh =4y +dy i =1 (5)

The equations (2), (3), (4) and (5) represent tegy®f 21 linear equations inr2
unknowns. The solution of the system in brief faléo
The differenced;,; —M; and the sumd;,, + d; are made:

Mis1—Mi=ds+1—dii— (4 —5p.1 + 20+ (4 + 1ieq, 1 =2,3,...,n—1,(6)

Mz—M1=d2—dn—(4n—1)3n+231"‘532, i=1, (7)
di+1—di_1:4(—1bi1+4bi—4ibi+1, i=2,3, ...n-1, (8)
O — = 40y + 4Dy — Ao, = 1. )
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The differences from (6) and (7) are replaced m differences (8) and (9). A
system of i - 1) equations im unknowns in respect &f is obtained:

Mis1 —Mi=b.y+6b+bis,, 1=2,3,...,n=-1, (10)
M, —Mi=b,+6b; +hy, i=1. (11)

Summarizing the equations (4) and (5) ifdrom 1 ton, the following expression

is reached:
n
> =0.
i=1

Adding the last equality to (10) and (11) a syst#§m equations im unknowns in
respect ob; is obtained.

The system is presented in a matrix formA28 = F, whereF is a column-vector
with component$ = M., —M;, fori =1, 2, ....n—1, and, = 0,B is a column-vector with
components the unknowrs, and A is a quadratic matrix of ordem of the system
coefficients. The system can be written as follbwes

u 1 0 0 WO 0 0 1 b, f,
1 ul 00O 0 0 O b, f,
0 1 u 1 OO0 0 0 O b, f,
(I (0 (00 (I0 (0 00 OO0 00 O x | OO = | omo.
0 00 0 M1 u 1 0 b,., f,
0 00 0 MO 1 u 1 b, . f
1 1 1 1 0m1 1 1 1 b 0

The diagonal elements, marked withare equal to 6. For obtaining the inverse
matrix A the matrixA is divided in 4 blocks:

A= a,a 12)
a0z
wherea;; is a quasidiagonal matrix (Jacobian) of order 1 with main diagonal elements
equal to 6 and with adjacent off-diagonal elemempsal to 104, is a column-vector with
componentsdiy); = 1 and ¢;,) n1 = 1, and remaining elements equal tam4),is a row-

vector with components equal to 1, andis a scalar equal to 1, too.
The inverse matrix is represented in blocks, toenfidiovitch and Maron, 1960):

A—l - (ﬂll ﬂlZ]
ﬂZl ﬂ22

where:
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Bi= 01_11 - :3126721671_1l g (12)
B = a1_11a12 (@, - a21a1_11a12)_1 , (13)
Bo1 = _,[”2202101_11 J (14)
Lo = (0 = Oy, 0,) ™ (15)

In the expressions abova; " is the inverse matrix ofi;;. As the matrixay; is
symmetrical, the inverse matrix; * is symmetrical, too. Let's denote the elements,of*
byc (i,j=1,2, .. ,n-1). Itis possible to prove (see Appendix), ttre analytical
expression of; is represented by the formula:

i i n-j n-j
-P L —p™! .
c:—(Q )@ ), I<jsn-1, (16)

T R-P@ P
P=(/U’-4-u)/2 and Q=~(/u>-4+u)/2

Using the formula foc; it can be demonstrated that the elements of theaas
(blocks) —ﬁll)ij, (ﬂlz)i’ (/321)] and [322) have the form:

_QQ'-1(@Q™"-Q")

where

(B = (Q7-1)(Q"-1) , j<isn-1,
_QQ”'-p@"-9) . _.

B =@y - FENh

(B.). = (Q-D(Q™ +Q) , i<n-1

Q+D(Q"-1)

_QQ7T-n@'-) . _
o= , <n-1,
(ﬁ21)1 (Q2 _1) (Qn _1) J
)= Q-D(@Q"+)
Q+H(Q"-)
The elements of the inverse matAX can be determined by using the formulas of
the bIocksﬁll, By By andﬁ22 — the expressions (12), (13), (14) and (15). Rinalfter the

multiplication B = F.A™ the strength line coefficients are determined according to the
next expression:

(B2
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= Q X
(Q°-D(Q"-1)

|:§(QJ _1)(Qi—i _Qn—i)fj +2(Qn—j _1)(Qj—i _Qi) fj ,

b

i=1,..n.

To obtain the unknowl; (respectivelya), d, is defined by the expression (5),
then it is substituted in (3) amd is represented by:

di =M1 +by—Dby) /2.

The remaining unknownd; for i = 2, ...,n are defined recursively by the formula

8):
d=d.+ 46 - 1)(Di_1 —bi).
The coefficients; are obtained by the following expression:
a-=t di /2.
Variant 2

The analytical expression of the functigfx,e) in this case has the form:
p(x,a) = &,

defined in the intervalsx(—t, x; +t], fori = 2, 3, ...,n, and in the intervals (3601t,360]
and (Ot] for i =1, i.e. forx, = 0. The unknowns arefor n directions.
The determination of these constants is as follows:

a = Ni 12t.
Appendix

Let ¢; are the elements of the inverse matzix ™. Then the following matrix
equality is satisfied:

G G Gz = Cps  Cpa  CGg ul 0 - 0 0O
Cy Cp Cy v Cog G, Coy 1 vl .- 0 0O
Ca Csz G 0 G Can-2 Cana 61 wu-~- 000 ,
cee o Ix -E
Cia1 Craz Crzz " Grans Chznz Chgna 600 - u1ldo o
Ci21 CGr-22 G2z " Gians Chznz2 Chezna 6 0 0 - u 1
Cr1z Ciaz Cias ° Crans  Cranz  Coana 0O 0 0 - 0 1 wu
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whereE is the unit matrix. After multiplication of thieth row of a4, by all columns of
a11, the following equations are obtained:

uGs +c, =0,
C1+UG2+cC3=0,

Gi-1 + UG +Cijs1 =1, (17)
Gi +UG,+1 +Cijs2 =0,

CGn3+tUGn2+Cin1=0,
CGn3+tUGn2+Cin1=0,

Cn2+tUGn1=0. (18)
It is obvious that foi = 2, 3, ...,n-3, j >i, ¢; satisfies the recurrence relation:
Gj-1 UG +Gj+1=0. (19)

To obtain the common term of this recursion, itareleteristic equation is used
(Markushevitch, 1975):
o +ug+q=0.

The roots of this equation, denotedgndQ, are:

P=(Wu*-4-u)/2 and Q = -(Nu®> -4 +u)/ 2.

They are real wheru > 2, ie. in the discussed case, because= 6:
Q= —(\/g + 3) = -5.8284. The common term of the relation (19) riespnted by the
expression (Markushevitch, 1975):
G =GP +HQ", i=23, .., n-3j>i (20)

The coefficientss; andH; are different for each i.e. for every row.
The first two terms of the above expression —jferi andj =i + 1 — have the

form:
Gi =G +Hj, (21)
Gi+1 =GP +HQ, (22)
and the last two — fgr= n-2 andj = n-1:
G2 = GP™ ! + HiQ™, (23)
Gn1 = GP™ ! + HQ™H, (24)
f To determine the unknown coefficier@sandH; the equalities (17), written in the
orm:
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uGi + Giji+1 = Dii-1, (25)
and the expression (18), that are not terms ofgberrence relation (19), are used tbq.;
in the above expression according (17Djs; = 1 —¢; ;1. As the matrixaq, is symmetric
Gi1 = C.j. However the element ;; is determined from the recurrence relation by
multiplication of thei—1-th row and therefor®, ; ; is determined too.

It is known thatu = —(P + Q) andPQ = 1 for the roots of the quadratic equation.
Replacing (21) and (22) in (25), (23) and (24)18)(andu in (25) and (18) and after some
processing the following system of equations@pandH; is obtained:

GQ +HiP = -Djj,
GP™ +HQ" = 0.

The solution of the system in respec@aandH; is:

Gi __ Qr‘l—i

Qn+1—i _ Pn+1—i Di,i—l’ (26)

Pn—i
Hi = Qn+1—i _ Pn+1—i Divi‘l' (27)

DeterminingD;;_4,.fori = 2, 3, ... and s.o., it can be shown that
o (QI _ Pi)(Qn+l—i _ Pn+l—i)
o (Q-P)Q"-P")

After replacingD;;; in (26) and (27) and the@; andH; in (26), the expression
(16) in the main text — the formula for the cod#fitsc; — is reached.
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AaropuTreM 3a mnpeo0pa3yBaHe Ha po03aTa Ha BATbpPa 4Ype3 yBeJHYaBaHe WJIH
HaMaJIsiBaHe Ha pymM0oBeTe

H. bpusapos, H. I'pomkoBa

Pe3rome.. HeoOxomumocTTa 1a ce mpeobpasyBa cTaHaapTHATA 3a beirapus kiuMaTHdHa 8-
pymboBa po3a Ha BaTbpa (Hapedena Tyk Habmoodamenna Posa na Bamwpa (HPB))
Bb3HMKHA BBB BpB3Ka C ONPEC/SIHETO HA KOHIGHTpALUATa Ha KJIMMAaTHYHOTO
(cpemHOTOOMITHOTO) 3aMbpCSABAHE HA BB3AyXa OT TOYKOB M3TOYHHK, KOETO € OCHOBHA IIEJT
Ha OIIEHKHTE Ha BB3JAEHCTBHE BBPXY oKoimHata cpena (T.H. OBOC). B mpennara
nyonukanus (Gromkova at al.)0sixa mpeincraBeHH peauiia TEOPETHYHH IMPUMEPH 3a
NperMYyIIecTBaTa Ha Pa3pabOTeHUs alrOPUTHM 3a TpaHCPOpPMHUpaHe Ha po3aTa Ha BATHPA
NpH MOJy4aBaHe Ha MOJIETO Ha MPU3EMHUTE KOHICHTpAIIMH, B CPABHEHUE C M3MOJI3BAHETO
Ha 8-pymOoBaTa po3a, JajeHa B KIMMAaTUYHUS CIOpaBOYHUK. TyK € MpeicTaBeH
MaTeMaTUYEeCKHs arapaT, U3IMON3YBaH 3a MMoJy4aBaHe Ha PO3H C pasiinueH Opoil pymOoBe.
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