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Abstract. Rotating stars and planets possess cylindrical symmetry and therefore it is
natural to decompose their magnetic field into azimuthal and meridional components:
Ba =1 6 B o and , Bm =B- Ba respectively. We derived the induction equations
for axisymmetric azimuthal and meridional fields, as well as for non-axisymmetric
ones with zero mean values. As is normally accepted, we express the axisymmetric
meridional field by the stream line function: B, =1 o X s"Vw(s, Z) Our
equations are derived for compressible liquid. Nevertheless, in absence of
electromotive force (emf) they coincide in form with the equations for the
axisymmetric field for incompressible liquid (see e.g. Moffatt (1978)). However, the
compressibility of the liquid plays an essential role in these equations. This leads to the
appearance of new generating terms in the equations for the poloidal and the toroidal
fields. These terms allow the generation in a pure axisymmetric case. Nevertheless,
this does not disturb Cowling theorem which forbids steady axisymmetric generation,
but not axisymmetric generation at all. Based on our equations we analyze the
magnetic field generation in the Earth core. This analysis shows that powerful
generation of the field is possible in the boundary layers near ICB and CMB. This
generation is dye to the O and () effects occurring under the condition that the
parameter Rméis not small,®) and R. being the thickness of the layer and magnetic
Reynolds numbers, respectively. In such a case the main part of the mean magnetic
field upper and under inner core is supported by this layer generation. As such, the
effect of the layer generation on the magnetic field depends on the value of the above
parameter. If R § >1 . the layer generation is dominant; in the opposite case,
Rm6 << litis weak and results only in small perturbations on the boundaries. Since
g 1s proportional to 4/ E we conclude that in the Taylor state (solution at F —> () )
the layer generation is not essential. However, the layer generation can be very
important in numerical simulations since E are typically not small enough. This
question is discussed in sections 3 and 4.
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Induction equation

Spherical symmetry of the generating regions of stars and planets makes suitable
commonly used decomposition of theirs magnetic fields, B, into the toroidal,
B, = erT%): ~rx VT . and the poloidal, B =VxVxrP(r)=-VxrxVP .
parts: B=Br+B> .
However rotation of stars and planets disturbs the spherical symmetry reducing it to the
axial one. That is why the axial decomposition of the vectors fields seems to be more
relevant for this case. It implies presentation of the field, B, as a sum of the
azimuthal, Ba=1¢B¢ , and the meridional, B»=B-B. , components, where 1¢ is the unit
vector in the ¢ direction of the cylindrical polar, (s, ¢ , z) or spherical (1,¢,¢ ) coordinates.
Though most of the speculations in this paper are carried out for the cylindrical polar
coordinates their results are valid for the spherical polar coordinates (1, 6,¢ ) as well.
Notice that in the case of axisymmetric fields their meridional parts coincide with the
poloidal and azimuthal with the toroidal fields. That is why for this case we will use their
more customary names.
Our goal in this work is to derive the induction equations for the axisymmetric azimuthal
and the meridional fields and for their non-axisymmetric counterparts. To make this we
substitute into the Ohm's and the Maxwell equations

. oB . VxB
j=c[E+VxB] VxE=-—, j= , (1.1.2,3)

ot K,

the axial decomposition of the magnetic field:

1 1
B=B,+B,, B,="sB$, B,=-"xA, A, =-1xsB. (14

N N

As here we will often use vector 1,/ s instead of 1, . It is more convenient for handling,
since the divergence and the curl of it equals zero.

Maxwell equation (1.2) can be expressed (see (A.3) in Appendix) in terms of
azimuthal and meridional components:

oB 1 oB 1, OE 1
a1 gV | 2xE | mo— |0 Tm |y O VSE . 1.5,6
PR [s m} ot [s 0 } s e ( )
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Expressing & from (1.1) we obtain:

E =j—’”—[V><BL=j—’”—1¢><sF

m m?

o o (1.7,8)
Jo o

E,="_[VxB]="-F,,

= -[vxel =,

where (see (A4), (AS))

sF,=-1,x[VxB]=B,V,-V,B,,

F,=1,-[v,xB, l=lv.B,-v.B ]=lv.B,-V,B,]

Substitution (1.7,8) into (1.5,6) gives the induction equation in the form:

B B
95 _vop v lyele 9 gyl (1.9)
ot s s s 0 s
0B oF, 1,
m—_Zmy ¢ VsF —|[VxIhVxB]| , (1.10)
o 9o s e Vv =Bl
where 7‘[:1 Ollo and, bearing in mind (A6),
VxhvxB]l, =
1 1 1.11
lzi 9B, -V, ,sB, |——-xV|ns’V-| +xB, || (1.11)
s*d¢| 09 s s

When a well mixed fluid is assumed, 7] is uniform in the whole liquid core. Then
the expression for [VX [nV X B]]n can be simplified (see (AS8)):

B, 20B
VxhvxBl, =nv?B], =1, 2| V. s>V 22 -2 141 paB..  (1.12)
s s s d¢ ' '
At the boundaries with solid bodies the mantle and inner core 7] can change sharply. That
is why only derivatives in respect of 7 in (1.11) and (1.9) have to be taken into consideration
in these regions:

9°B, . 3 OB 9 OB
PR U ma :

VxlvxBl=-tn AL Tl

(1.13)
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F,=B,{,/s)-V,B,/s,

B, dB,
=5 VxlhvxB]],
V-B=0 V-j=0
1B,1=0.{j,}=0
{E}=0.{B} =0
{i/o} ={E. }+{vxB} =0
V-B=0 B} =0
_ 9By, | _ 9B, | _
{B}=0, {"7}_0’ {ar}_o.
VxhVxB]
o V=V+V
B=B+B _ % B
v b V-B=0
V-Bu(s,z)=0

V-B,=V- [(1¢/s><Am(s,z)]=—(1¢/s)V><Am =0

A, =-Vy

m
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rewritten in the form:

— - = — 1
B(S,Z):Ba +Bm, Ba:_q)SZJ(S,Z)g
K 2.1

— 1 1
Bn=—2"2xVy =V><—¢l//(s,z)].
S N

N For planets and steady stars the flow velocity continuity equation,
ap/at +V.-pV =0, where p(r)s the the fluid density, takes a form: V. p(r)Vm =0
. By analogy with the magnetic field we can write the flow velocity as

— B — — 1
V(S,Z):Va +Vm, Va:_qjsza)(s,Z),
§ 2.2)

_ 1 1
V, =——2-xVy =iVx—¢x(s,z) :
p s

To derive an equation for Y let us apply to (1.2) operator opposite to curl: [V X}]

and average the equation obtained over ¢ . The potential part of the azimuthal component
of electric field VW , arising under this operation, vanishes due to averaging over ¢ and
so we obtain:

1 1 — i
i_«bw:{iiwma}:_l_uﬁx}g], (23)
()

ot s s 99

where |’ is the solenoidal electrical field, 3[, /6 = _(1¢/S)7V : SZV@//SZ ) and

m] :—Vxl—"’th//+ m] :—1—"’(V-V1//)+\7m><f¥m.
S S

Finally applying to (2.3) dot multiplication by 1s we obtain the equation for Y/ :

a_l//:_Vm.Vw+sf¢+nV-s2V£2, (2.4)
S

ot

where electromotive force (emf), fs , equals

f(p:l(p'VmXBm:VzBs_‘/sBz evrBﬁ_‘/z?Br)
2.5)
Equation for toroidal field can be obtained by averaging of (1.9):
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a_sz‘[Ema)_VmJ +Em +12VS2J:|’
ot s
1 = — where (2.6,7)
w =7 BV = V.5, ]

Terms quz andV -f r%lescribe the action of electromotive forces on the mean fields.
In absence of these terms (2.4), (2.6) convert into well known equations for
the axisymmetric magnetic field (see e.g. Moffatt 1978, (3.44), (3.43)).

Any physical quantity changes in any volume, occur due to quantity creation
within the volume and due to flux of this quantity across the walls surrounding the volume.
It is remarkable that the toroidal field has no sources in any volume. It changes only due to
fluxB a0 =V J +fn +rl/s2 Vs?J of J(s,z) across the walls of the volume.

Emf (2.5), (2.7) expressed by non-axisymmetric magnetic field, equations for
which can be easily obtained from (1.9,10):

B - B -
0B o vyl 05 gn
ot s s s 0d¢ s (2.8)
oB 9~ 1 - -
m—__F +2xVsF. - NxhVxB |, (2.9)
at a(p m s S [} & [] ]lv

where

- VB -V < - _ B, . -

sF, = V-B.x=pVa¥ ., F =B, ﬁ—vm — 4B w-V, J. (210
p s s

Equations (2.4) - (2.10) are equivalent to (1.9,10) but have clearer physical

meaning. The axisymmetric magnetic field is supported by electromotive force created by

the non-axisymmetric field. The latter is defined (2.8-10) depending on the axisymmetric

field. If we are able to express this dependence explicitly we can convert the emf in the &

effect.

Functions F,, and F, ¢ and emf fm and Jf, ¢ being expressed through flow velocity
are . The time derivatives in equations in (2.4,6) and (2.8,9) are of an order of $1$ as well
as their diffusion terms out of layers. That is why we expect that emf and terms including
velocity vanish in the leading approximation:

~ ~ ~ — 1
f,~f,~0, F,~F, ~0, Vm-Vy/:—[_lex]Vq/~0,

ps (2.11-14)

Bma)_VmJ ~ 0.
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It is easy to check that the simplest possibility to satisfy these relations is to assume that

B=kp(r\V(.0.0) v =kx(r.0),
J=kp(o(r.v)

where k is constant. If these relations do take place, they do not take place everywhere, but
only in locations where the flow velocity is really large (~Rn ).

As it was noted above our equations (2.4), (2.6) for axisymmetric part of magnetic
field in absence of emf coincide with equations for axisymmetric magnetic field quoted by
Moffatt. Nevertheless, the essential difference between these equations is that our equations
are valid for compressible liquid whereas Moffatt's equations had been derived for
incompressible one. If a liquid is incompressible, V- Vm =0 , then we can enter

V, undersign V: V, .-Vy =V.V,y .Inthecase of a compressible liquid the

(2.15,16,17)

— — ’— ’
continuity equation takes a form: & Vﬁ = —(P (r ) / P (r ) r, where p(r) =9 p(r)/ or
and so an additional term —V ,1//8 In P / or arises in the equation. Of course the same
difference takes place in the equation (2.6) for the toroidal field. To see that this difference
is essential let us discuss the Cowling theorem.

Cowling (1934) proved that in the axisymmetric case steady solution is impossible.
Braginsky's statement (1964) (see also section 6.4 in Moffatt (1978)) was more strong. He
showed that axisymmetric field attenuates in presence of axisymmetric flow. However
Braginsky's proof depends crucially on incompressibility of the liquid. To see this let us
following Braginsky multiply (2.4) by W/n :

2 2 7 2
IV _ gy, V) i, Ly v
ot 2n 2n p 2n n s

and integrate over whole space:

9 ¥ jdsV"’ i POy v
ot v Sc 2n VL P 217

dr sf¢ j dryV s VZ/Z

Out of the conducting region 7] = oo and so integral in lhs is limited. The first integral in
rhs is over the surface bounding region where flow exists. This integral vanishes if V.=0 on
this surface. The second and the third integrals are over the volume bounded by this surface
and so they are limited as well. The last integral is over unlimited volume:

[_driyv. szvl”—zz [ ar’V by —h-Vyl=- ar’Ty).

where h=Vy —21X—W.
s
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For magnetic field of dipole type =0 ) at r —> co. That is why surface integrals
. J
vanish here and (2.11) becomes

2 7 o 2
ij V[ POy Y, i, Y[ ar@yy. O
ot ¥ 2n Ve p 2n M n

Eq. (2.18) shows that poloidal field is maintained by the compressibility and the
effects (the first and the second terms in rhs of (2.18) respectively). If they are absent (for
the former density have to be uniform: p’ =0) then > >0 and poloidal field attenuates.
The role of ? effect is well known. Therefore, we will only discuss the compressibility effect
further. In the second integral in rhs of (2.18) density gradient ’ is negative, Y 2is
positive, but V: changes its sign depending on_location, So this integral has no definite sign
independent on flow. Additionally note that v, (r,19)r2 sin ¥d¥d¢ =0 due continuity
equation. That is why spherically symmetric part of Y, W=y (r), does not include in the
discussing integral. It means that this integral does not vanish for those magnetic fields only
where both components ( B- and B ) exist.

If flow is directed up in the regions where ¥/ * is big and is directed down where
Y/ *is small, then this integral would be positive and would prevent attenuation. It would
enhance it in the opposite case. Is there any reason which makes this integral to be zero? In
other words is there any reason forbidding compressible generation of poloidal field? It
seems doubtful to me.

The physical meaning of this term supporting poloidal field is as follows. The
magnetic field develops its own pressure. This pressure works over flow. If this work is
negative it means that the flow transforms its energy into magnetic energy and thus
maintains the magnetic field against dissipation.

One can say "Well, but even if we admit that this integral does not vanish, it can be
too small to prevent attenuation of the poloidal field caused by the third term of (2.18)". To
discuss this possibility let us convert (2.18) into dimensionless form using as usually typical
space scale L: as unit of space, 1, = Lf / 1 asunitof timeand V, =R N / L,
as unit of the flow velocity:

iJ‘ dr3w—2=
ot v 2
TN a2 (2.182)
~R, VcdﬁPT(”) ,W?+ijwdr3sf¢w—ijdﬁ(Vy/)z.

In frame of the kinematic dynamo models the amplitudes of the flow (Rm) can be
arbitrarily large and so the same is valid for the compressible generating term in (2.18). In
the Earth's geodynamo R is large, ~10° and it seems unlikely for the generation term to
be smaller than the dissipation term for any type of flow.

Let us omit emf in (2.4), (2.6). Then taking into account definition of the
substantial derivative
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DA_oA
Dt ot
and the continuity equation V. Vm = _(;(r) / E(r)yr , we can write (2.4) in two

different forms:

Dy WV W oy, P 2y ¥
—=nV.sV=, —=-V.-V.y+—=>yV,+nV sV
D nv:-s 2 o v ) v nv:-s 2 (219

The first of them shows that Y/ changes in a small liquid parcel only due to diffusion from
it. Integration of the second one over a closed volume bounded by any surface
X(s,z)=const gives:

ol = e 7. enff s v

It means that ¥ in the volume changes due to its production by compressibility and
diffusion from the volume. Hear we take into account that ?m is orthogonal to
surfaces Y (s,z)=const

By analogy with (2.19) we obtain two equations for the toroidal field:

a—J:V- Emw—va}FV‘%Vszj’

or s (220
DI _5 vorP Oy oy Ly,

Dt P s

The second equations shows that J changes in a small liquid parcel due to the @ and
compressibility effects and due to diffusion from the parcel. Integration of the first over a
closed volume gives:

2 [[fsa’ = [fas-B - [fas- V. + [fas-Lvs.

Thus J in any volume changes due to @ effect on its boundary, due to flux of J
carried by the flow velocity across boundary and due to diffusion from the volume. If this
volume is bounded by surface W(s,z)=const then action of the @ effect over the volume
is absent. Respectively flow transport of J across the boundary is absent for volumes
bounded by surfaces y=const . Note that ¥ (#;1)=const on ICB and CMB due to non-
penetrating condition n-V,, =0 .

Some words about adjusting conditions on the boundary with solid bodies.
Magnetic field is continuous across the boundary. For the sake of convenience we adopt that
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Y/ is continuous as well. Additionally taking (1.16-18) into account we can summarize
adjusting conditions for axisymmetrical magnetic field on the boundary:

vl=0, {yl=0, {}=o, {nazw}zo, {ng—‘]}=0. 2.21)

or? r

At axis Z , regularity conditions apply, so that only solutions finite as § — 0
are admitted. Therefore we demand that the mean over the circle with radius § meridional
magnetic field, Y/ /s*, and the mean meridional electric current have to be finite:

=5A(s,2) J=C(s,2),
where A and C are continuous and limited functions of z,5 . Then near the axis only the
Z component of the mean magnetic field does not vanish:

— 1¢ )
B, =—-xVs’A=21,A-sl,xVA, B, =sC(s,z)
N

In the solid core where (2.4,6) take the form

a_‘//:nv.s2vﬂ2’ E)_J:V.%Vs2 J.
S h)

ot ot (2.22,23)

one can expect uniform B: and zero circulation near the axis Z . Glatzmaier and Roberts
(1996b) numerical solution shows something like this expectation: B: is approximately
uniform near the axiz Z .

Boundary layer

The induction equation for the axisymmetric poloidal field can be obtained directly
by averaging (1.10) over @ . Let us transform the equation obtained and the equation for
toroidal field (2.6) to dimensionless form using as usually typical space scale L; as unit of
space, ti = Li/7 as unit of time and Vi = R.1) /L: as unit of the flow velocity

S
ot S

IF — 3.2)
fm=; mV¢—VmB¢

To satisty these equation in the bulk of the core we have to assume that large terms vanish
in the leading approximation:(3.2)
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Fo=o®') V-B.o-V.s+t. FoR;) (3-3)

However, in the boundary layers, where velocity changes sharply, these conditions disturb.
That is why the large(()(Rm )) O and @ effects could be expected in the boundary layers.
Is this layer generation essential for the field in the bulk of the core? This is the question to
be discussed in this section.

A crude estimation based on angular moment conservation shows that the angular
velocity of the mantle is much smaller than that of the inner core:

a)’” ~_r2315’12p_:z0.015 r;:fp_:z 3.531.5222 ,
0] P P 64> 5

where TI'i,I2 and I3 are the radiuses of the inner core, the outer core and the Earth
respectively; p and p ™ are densities of the inner core and the mantle. Thus activity of the
ICB boundary layer in the field generation has to be much larger than that of CMB. So
further we will discuss just ICB layer having in mind that the layer on CMB can be treated
in the same manner.

In the boundary layer the normal to the boundary component of velocity, Vr , is
negligible. Tangential to the layer, derivatives are negligible as well in comparison with the
normal one. Then the equations (3.1,2) take the form:

aﬁm aF¢ azﬁm — — — ~ ~ 34
M =1,R, =+ , F¢=-V,B,=-B,Vy—-BV, GC%¥
at v m a}" arz o s Pr v Vo
8] 1==
m E a)+f ]+ a PR fr :;Br 0 (3.5)

The B component of the field does not change sharply in the layer. Respectively (3.4)
describes, in fact, the creation of B» , by the shearing (V 8 B ) and the O ( \7 V B ) effects
while is then defined by the continuity equation V.B, =0 -

The time derivatives in (3.4,5) are of the order of one and so are negligible in
comparison with the large ¢ and @ effects and the diffusion. Then integrating (3.4,5)
across the layer one obtain:

aaE,,ﬂ =R,B.V: )R, W] (3.6)
o] rabr e B

where square brackets means the jump across the layer. Egs. (3.6,7) show that discontinuity
of fluxes of By and J is defined by production of these values in the layer just as heat
sources create a discontinuity of a heat flux.

Thus the toroidal and the poloidal fields in the interior of the liquid core have two
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types of sources. The first one is the "volume" ¢ and the @ effects in (3.1,2) occurring
in the bulk of the core. The second type is the layers generation due to discontinuities of
fluxes of By and J on the boundaries. Sources in the solid core and in the mantles are
absent. The fields related to these effects can be present as a sum of two solutions. The first
ones are governed by (3.1,2) and have no jumps of the normal derivatives on the boundaries.
The second ones are obeyed in the liquid and solid core the diffusional equations

ag;ﬁ _hs]  ¥-v. [ 1 WJ}, (3.89)
N

o

and satisfy the discontinues boundary conditions (3.6,7).

Which of these types of generation does prevail, the volume or the layer? Taking
(3.6,7) into account one can see that relation between them ~ ng where 8 is dimensionless
thickness of the layer. If the parameter Rm5 is small then the influence of the layer
generation is small as well and so only small disturbances could be expected on the
boundaries. Further we will discuss just the opposite case when R, 02>1.

The toroidal field can be described by contours of constant J . The case when
Rm5 >1 means that AJ , the jump of J across the layer, is of order or even bigger than
the typical values of J° in the interior of the liquid core. Then the toroidal field is
concentrated on the boundary and the most or the essential part of contours J = const are
closed in the layer on ICB as this is depictured in Fig 1 A. This picture looks like the toroidal
field distribution (Fig 3 D) by Glatzmaier and Roberts (1996 b). In the opposite case the
lines of force are closed in the bulk of the liquid core.

Fig. 1 Toroidal magnetic field. In the case R 5 >1 layers generatlon is large and so the most of
contours of B (D— const are mainly closed in the layer (A). If R 5 << ] (the Taylor state) they
are mainly closed in the bulk of the liquid core (B).

Further we will discuss the poloidal field. What does the creation of By mean,
taking into account that the "amount" of the creating in the layer field has to be zero due to
the continuity equation? This means that the "positive" and "negative” values of B are
separated in the layer and the "positive" values are transported to one its side and the
"negative" one to the another, as it is pictured on Fig 2. Then B» diffuses into the liquid and

Bulgarian Geophysical Journal, Vol. 31, 2005, 1-4 69



A. P. Anufriev: Adiabatic approximation in the geodynamo convection

the solid core. The picture of the poloidal field is completed when continuity equation
V- Buis taken into account. It creates B, which connects the "positive" and the "negative"
patterns of B, into loops surrounded the boundary as this is depicted in Fig 3.

\

Fig. 2. Poloidal magnetic field. The "positive" and the "negative" portions of By are separated in the

layer (A). Separated portions diffuse into the liquid and the solid core. B, component is created taking
the continuity equation VB, =0 into account forming closed loops Y/ = const. In the case
Rm§ >1 layers generation dominate and the magnetic lines of force are mainly closed surrounding
boundary (B). In the opposite case Rm5 << 1 (the Taylor state) they are only slightly disturbed at
the boundaries (C).

The poloidal field can be treated as well in terms of stream function Y satisfying
in the case of the layer generation the equation 81// / 0=V s’V 74 / s> inboth the
liquid and solid core. It can be shown that the contours of constant Y form loops
surrounding ICB and approximately symmetric about the surface r=r/=0/2 as this
depicted in Fig 3 A. This picture looks like the poloidal field distribution (Fig 3 C) obtained
by Glatzmaier and Roberts (1996 b) computer simulation. .

The contour lines of the toroidal field in the case Rm5 21 are mainly closed in
the boundary layer as it is depicted at the Fig 3 B. This Figure can be compared with Fig 3
D obtained by computer simulations of by Glatzmaier and Roberts (1996 b).
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R 6 >1 with Glatzmaier and Roberts (1996 b) numerical simulation C and D respectively. The

lines of force of poloidal field in the simulation surround ICB just as in 3 A. The contours of B (D on

3 D are mainly closed in the layer as in 3 B. Thus we conclude that these fields are of the layer origin.

Thus we conclude that parameter ng is very important for the generation of both
the poloidal and the toroidal axisymmetric magnetic field. If this parameter is small then the
influence of the layer generation on the entire generation in the core is negligible. In the
opposite case it can be dominant. To estimate value of this parameter we need take into
account the thickness of Ekman-Hartmann layer:

—2
2E ,where B? = il and E = —~

i \/COS2 O+ ér“ + ﬁf 2Qpnu, B 2012 (3.10)

)

If éz <1 on the boundary then 3 is of order of the thickness of the Ekmann
layer § ~ \/_E but if érz >>1 then § =E ér Inanycase R 6 < Rm\/E
Therefore, in the Taylor state, the solution at , the parameter R & tends to zero. It
means that the layer generation is not essential for the Taylor state and respectively the
axisymmetric toroidal magnetic field is continuous at the boundaries in this limit. The
axisymmetric poloidal field has no loops surrounding the boundary.

Does the Earth's magnetic field satisfy this condition for Taylor state? To answer
let us estimate the value of the parameter R, \/E . For values of the kinematics viscosity
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typical for the liquid core the Ekman number is extremely small £ ~ 10~" and so R 6

is small as well: R 6 ~107 - (we accept here R ~ 10 ). The Ekman number essentlally
increases if we adopt that eddy diffusivity ' Works in the core instead of kinematics one. If
this turbulent viscosity equals the magnetic diffusivity, V=1=2"2""/, then S = -5%107°
and R \/E 5%107. Since R, 6 R, \/E we conclude that Rmﬁ <<1

and so the axisymmetric magnetic fleld satlsf1es the Taylor state condition in the Earth liquid
core.

Are the existing numerical solutions of the problem satisfy too the condition for the
Taylor state? Resolution of the thin boundary layer ~ 4/ E demands very powerful computer
resources. That is why Glatzmaier and Roberts (1996a,b) using a powerful Cray computer
were able to solve the generation problem with a relatively large Ekman number: E = 10°°
But even this value is not real due to the hyperdiffusivity used by these authors. We believe
that the effective Ekman number in Glatzmaier and Roberts (1996b) simulations is of order
of 10, Their Rm at ICB estimated by the angular velocity of the inner core ~10° . Then

R, \/E parameter is of order of . If the boundary layer is the Ekman one ( 5 ~ \/E )
then R, 5 <R, \/E and so the condition for Taylor state, R 5 << 1, does not satisfy.

However if the magnetic field at the boundary is large ( 32 >>1 ) then the
thickness of the layer decreases: 8 = \/E J éi . Our estimate glves 32 ~R in the
bulk of the core. If this is valid for the boundaries as well, then parameter R 5 becomes

R E instead of R, \/E . Then parameter R, 5 in Glatzmaier and Roberts solution
is_ small In fact it can be even smaller if we take 1nto account that the jumps in (3.6,7),
Vs and @ are not necessarily of order of 1, but can be smaller.

That is why we cannot say definitely if Rm5 small in the Glatzmaier and Roberts
solution or not. To reveal whether the layer generation is essential in it let us have a look at
their pictures of both of the field. On Fig 4 are shown the poloidal, Fig 4a, and the toroidal,
Fig 4b, fields from GR (1996b). The lines of force of the poloidal field are localized mainly
at ICB and surround this boundary. Furthermore, they are almost symmetric in relation to
the surface which is slightly higher that 71 . This just coincides with our expectation for the
case R 5 >1 that lines of force surround the boundary being approximately symmetric
related to the surface r = 11 +&2 . We expected also for this case that the contours of the
constant toroidal field are condensed in the boundary layer. Fig 4b shows just this behavior
of the field. Therefore we conclude that the axisymmetric field in Glatzmaier and Roberts
(1996b) are mainly of the layer origin.

However, the same solution discussing by Glatzmaier and Roberts (2000) at
another time period shows different behavior of the poloidal field. Their lines of force are
have no loops surrounding ICB and are only slightly disturbed at the boundaries. We believe
that the layer generation is not essential for the solution during the time period being under
consideration. (It appears to be essential during the inversion discussing in this paper. Then
loops surrounding ICB arise).

Thus we believe that the Ekman number in the Glatzmaier and Roberts simulation
is small enough to arise the solution of the Taylor state type. However, it is still big to
prevent arising of non-Taylor state behavior in another time periods.
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Discussion

In this section we make a short resume of the results of our work. The magnetic
field, B, and flow velocity, V , were decomposed on azimuthal, B. = 1By, Va = 1V and
meridional components,Bn = B-B. ,Va=V-V. and both of them were separated into
axisymmetric and non-axisymmetric parts.

Induction equations for the axisymmetric magnetic field, B Ba + Bm are
obtained in the form:

_ 1
aa_‘//:_vm'v‘//-l_sfd) +nV.52V£2 Bm:__d)XVW(S’Z)
t § S

o
ot

4.1)

_v. {Bma) V., J+fm+lvs J} B,=1,5/(s.c)  “?

where the axisymmetric velocity is defined as

_ - _ 1 _
V(S,Z): Va +Vm’ Vﬂ :iszw(s’z) Vm = XV%(S Z)
S

()

and E(r )is the liquid density. The toroidal field B. is maintained by the @ effect (the first
term in rhs of (4.2)) and both the toroidal and the poloidal fields are supported additionally
by electromotive force (emf):

f¢ zl(p'VmXBm’ fm :; mV¢_VmB (43)

where V is the non-axisymmetric flow velocity and B is the non-axisymmetric magnetic
field which obeys by the equations:

B - B -
2_¢:V-Fm+V'12VSZ_¢_i BV% “4.4)
ot s s s 00 § .
0B, OF, 1 = 5
e 2 @s)
Here
gy [zmx_—mew]’ F,=B,2-V,—2+B,0-V,J s

It is commonly assumed that the axisymmetric part of the poloidal magnetic field
is only created by the O effect (by emf). However, there is one more generating effect

Bulgarian Geophysical Journal, Vol. 31, 2005, 1-4 73



A. P. Anufriev: Adiabatic approximation in the geodynamo convection

implicitly included in (4.1) when liquid is compressible. It can be revealed by the following
speculations. In case of an incompressible liquid we can enter Vu under operator V in the
first term of rhs of (4.1): V,, .Vy/ =V.V Y , without changing other parts of the
equation. In the case of a compressible liquid the same operation leads to the appearance of
a new term in the equation: Y, 'VW =V. Vay — II/V V.=V- le// +l//V G/p
where = a P or-Here we take into account the continuity equation for the axisymmetric
field: .V . p(r)Vm = p(r)V V+V Vp

This new term disturbs Braginsky's proof of the Cowling theorem: it appears that
in the presence of this term value Y in general does not attenuate even in the absence of
emf. This statement is not in conflict with Cowling's original proof, who has shown that a
steady solution is impossible. A steady solution is impossible, but the non-steady ones could
be possible!

Thus, we assume that the compressibility effect could play the same essential role
in a generation of magnetic field as the & and the @ effects. Therefore, computer
simulations neglecting the compressibility of the liquid lose an important source of the
generation. We believe also that this new generating term (and analogous one for the
toroidal field) could be especially important in stars where the density in the convective
zone changes by a few orders.

A remarkable consequence of the new generating term is the possibility for a field
generation in the pure axisymmetric case without ¢ effect, which is commonly believed to
be impossible due to the taboo of Cowling theorem.

It is usually assumed that magnetic field changes on the diffusion time scale
T=]> n , where L. is the space scale of the generating region. However, the time
derivatives on the lhs of the equations (4.1,2) and (4.4,5) are defined on the rhs by the large
( ()(R ) ) terms: V- Vy V-Buo—V.J. fo, fm and F F , responding to a much
shorter advective time scale ~ R, - To avoid the contrad1ct10n we have to assume that
in the leading approximation these terms vanish in the regions where Rm>>1. This is
possible if e.g. the magnetic field satisfies the relations:

B=kp(r V(. 0.0) w=ky(r,9) J=kp(ro(vd) 4.7

where k = const .

This hypothesis can be easily checked using the existing numerical solutions (e.g.
that of Glatzmaier and Roberts). If it is confirmed this will expand our understanding of how
generation "works".

In the boundary layers velocity changes sharply and the conditions leading to
vanishing of the emf and effects are violated. That is why large ( O(Rm) ) emf and @
effects appear in the layers. Though the densities of the emf and @ effects are large O(Rm
they are in the thin ( O << 1layer and so their summary action could be small
( ~ R, 5 <R \/E ) and vanishing in the Taylor state limit E—0 . However, their
influence couldWBe dominant in the computer simulations if the Ekman number is not small
enough: R, 5>1 .

What are the values of the parameter R 5 in the recent computer simulations? If
we adopt that the boundary layer is the pure Ekman one, then in the Glatzmaier and Roberts
(1996) solution ng ~R, \/E ~ 10 - In order to decrease this parameter with two orders
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we must decrease E by four orders. That is why on the case of the Ekman layer the
prognosis is not very optimistic. However, if the normal to the boundary component of the
magnetic field is large enough ( B2 >>1, B (r 19) B2 / QQ pnu, ), then the thickness
of the layer decreases: 6 -~ \/E B and the parameter R 6 decreases as well:
R, S~ R, \/E / B . Our estimate of the magnetic field glves B ~ R, in the bulk of the
core. If this is valid for the boundaries as well, then parameter R, 5 becomes R E
instead of Rm \/E . Then the parameter Rm6 in the Glatzmaier and Roberts (l996b)
solution is relatively small: ~ 0.3 .

Respectively the form of the axisymmetric magnetic field in the Glatzmaier and
Roberts computer simulations in some moments is similar the layer generated field (Fig 1,
3), but in other moments it is similar to the Taylor state solution with small disturbances at
the boundaries. We believe that a decrease of the Ekman number with one order can make
their solution to be the Taylor state.

Appendix: Azimuthal and Meridional Decomposition

Any vector field B can be decomposed in the azimuthal, B. =1¢By, and the
meridional, B, =B-B_ = —1¢ ><1¢ X B components:

1¢ 1¢
B=B,+B, B,="sB, B, ="xA, A, =-1xsB (D

N s

To obtain the same decomposition for j=V xB  we use standard formulas of vector
analysis:

VX (®F)=®V xF +V®xF
Vx(FxG)=G-VF-F-VG+FV-G)-G(V-F)
V- FxG)=G -(VxF)-F-(VxG) V. (DF)=®V-F+F-V®
is easy to check by direct evaluation that

1
V.—2 =0, V><—= V-L=0, Vxl—"=0.
Then S K k) K

1, 1, 1, 1,
VXB,=VX—sB, =sB,Vx———XVsB, =——XxVsB,
N N s N

1 1 1 1
VxB, =Vx—2xA =A@, - V) 2-| 2L VA +2V-A =
S S S S

1 01, xB
Lz _21¢ . aAm +_¢VAm:¢— ¢SV A2 :_quai_
s o0 s s0¢ s
1 1,xB 1
Loy 2B (L OB 1y, vxB J
s s s 0¢
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Here we have taken into account that

1 1 1 1
A, V) Z-| L VIA =sA l_s.v ¢ _| 2.y 1, _izaAm _
s s LS s s s | s d¢
Lz —21¢Ax—aAm
s o)
and
1 1 1 1
[I—X-Vji— 2.V I—S:Vx[—‘pxl—s}:—Vx1—§:—21z><1—';:—2—f
s s s s s S s s s

Thus curl of azimuthal field B. is pure meridional, but curl of meridional field is
not pure azimuthal. It contents a meridional component vanishing under averaging over ¢ .
Using these formulas the field j=V XB can be presented as a sum of the azimuthal, Jo
and the meridional, Jm , components where

: 1 .1, [oB,
Ja :1¢ (1¢ VxB, ): _1¢ SV'|:T¢XBm:| I :%X[W_VSB¢:| ™

The vector production of two fields also can be decomposed in azimuthal
meridional components:

vxB=M,v,+V, kl,B,+B, =1,xB,V,~-V,B, }+ v, xB,,
The meridional part of this vector so is

[VxB], =1, xsF,,

where  sF, =-1, ><[V><B]=BmV¢ -V,B,, (Ad)
and its azimuthal part takes a form:
[VxB], =1,F,
where  F,=1,-[VxB]=1,-[V,xB, ]=V B -V B, (AS)

Induction equation contents field d =V x7j which also have to be presented as
a sum of azimuthal, d. , and the meridional, du , components. Its azimuthal component can
be easy evaluated using (A3):

n aBm n aV‘Bm
—_ +_ J—
s> 00 s 0¢

1
d,;=-sV- L xnj,, =sV-l2 aB—’"—VmquJ =sV
s s*| 09
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0B
9 -Viz—silz—qj—sv-izvmqu,
00 s 00 s~ 99 s
Thus
g Ng.B 9 n

Here we used the continuity equation for magnetic field: (83 ) / 8¢)): —sV- B,
The meridional component of d in case of non-uniform 7) generally speaking has no so
simple form. That is why further we adopt that 7] is uniform in the liquid core and can
change only at boundaries (on ICB and CMB). Then

d=VxnVxB=nVxVxB=nVV-B-nV’B=-nV’B
where V2B in the polar coordinates (S,(P, Z) takes a form:

B 2 OB B, 2 0B
V2B:15|:ABS__X__a_q;p:|+1¢|:AB¢__¢__ a¢sj|+1zABz (AT)

Here we have taken into account the continuity equation for magnetic field V-B =0,
Using the identities

- _ _ A
s7V-s’Vs'A=5V-5s7VsA =AM-—
S
which easily can be checked directly:
s7V-s’Vs'A=5"V. [—15 A+sVA]=—s7 aLA+ s 88_A+ AA =AA —iz
A N
-1
sV-s7VsA=sV- [y’215A+ s’IVA]: ds A —s a—A+AA = AA—A2
ds s s
Now we can rewrite (A7) in a form:
oB
V’B=1]s"'V-s’Vs "B, _%_¢ +
e L))
. 2 9B,
1¢ SV‘S VSB¢+S—2 ¢ "|‘11ABz (AS)

Using (A1) and (A3) we can decompose the Lorentz force BX j :
Bxj=[B,+B,[i, +j,|=B,xj, +B,xj, +B,xj,

Bulgarian Geophysical Journal, Vol. 31, 2005, 1-4 77



A. P. Anufriev: Adiabatic approximation in the geodynamo convection

where
0B,B s’B;
Baxjm:—lﬂ—BmV-B”izv °,
s 0d¢ s 2
. 1¢
B, %xj,=1,xB, sV-|—XB, |
s
1 B -B
B, xj, ="~ i——V B, sB,
s|dp 2
Respectively
1.| 9 B> -B’
. ) m ¢
B ], = ﬁT—V'BmS% (A9)
0B,B s’B;
]~ LB, Ly B
00 s 2
L,
BmV'Bm+1¢XBmSV' TXBm (AlO)
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Ponsita Ha rpanudes X -e(l)eKT B reHepanusaTa Ha TeOMAarHuTHOTO I0JI€

A. Anydpues

Pe3tome: BopTsimuTe ce 3Be30M M ITAHETH MPUTEKABAT MUIMHAPHYHA CUMETpusL. 3a
TOBA € €CTECTBEHO TEXHUTE MarHUTHU II0JIETa A OBbAAT MPEICTABEHU BbB BUJ HA CyMa
OT a3UMYyTaJlHU, Ba =1. B, , 4 MEpUAUOHAJIHY, Bm =B- Ba , KomnoHeHnTu. Hue
M3BEXaMe YPaBHEHMATA 32 OCUCHMETPUYHU a3UMYTAIHU U MEPUANOHAIHY MIOJIETA, A
CBIO TaKa M YPAaBHEHUSTA 332 HE-OCHCHMETPHUHHM IIOJIETA C HYJIEBO CPEOHO. aKTO
TOBA € IPUETO, HUE HU3pA3ABAME OCHUCHUMETPUUYHMTE MEPUAMOHATHHU MONETA 4Ype3
dyukumara na roka: B, =1, x5~V (s, z) - Hammre ypasuenns ca nssenenu 3a
CllyJast Ha CBHBAaéMa TEYHOCT. ﬁ”bl‘[peKI/I TOBA, B OTCBCTBHE Ha €JIEKTPOJBIIKEIIA CHIIA
TE ChBHAAAT MO pOpPMA C YpPAaBHEHUSITA HA CBUBAEMATa TEYHOCT 32 OCUCHMMETPHUHA
nosnera (Bux. HanpuMep Moddarr (1978). Obaue cBHBaeMOCTTa Wrpac ChIIECTBEHA
poist B TE3W ypaBHEHMs. s BOAM [O MOSBA HAa HOBH TCHEPAIIOHHN UJICHOBE B
YpPaBHEHMATA 3a MOJOMAAIHO M TOPOMJANHO IoieTa. basmpaiikm ce Ha Hammre
YpaBHEHMS, HUE aHAIM3UpaMe TeHEepanusiTa Ha MArHATHOTO IIOJIE B 3€MHOTO SIIPO.
To3n aHanM3 MOKa3Ba, Ue € Bh3MOXHA ePEKTUBHA TCHEPAIWS B TPAHNYHITE CJIOEBE HA
TPAaHHUIUTE MEXAY BBTPEIIHOTO WM BBHIIHOTO SIpA W MEXAY BBHIIHOTO SAPO U
MaHTHUATa. Ta3y reHepanysi Bb3HUKBA OaromapeHne Ha O U () €pEeKTH MOSIBSIBAIIN
ce KOraTo mapamMeTbpbT R 5 He € MarbK. Tyk 3 e nedenmHa Ha cios, @ Rm e
MArHUTHOTO YMCIIO Ha Peitromc. B TO3H cilydaii TTaBHATA YACT HA OCHCHMETPHUHOTO
MAarHATHO HOJIE Ce MOJIBPKA OT TAa3H CIOEBA TCHEPALYSL.
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