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Abstract:   A detailed description of the approach of modelling the delayed reaction of F-region ionization to the forcing from auroral latitudes during increased geomagnetic activity is presented. The ionization at the F-layer height is represented by the relative deviation of foF2 from its median (denoted as (), while the geomagnetic activity is characterized by the index Kp. The approach is based on the fact that the F-region reaction (the storm-time variation of () delays with respect to Kp changes. To evaluate this delay, we introduce a new modified function of Kp, which represents an inertial process, forced by Kp and relaxed with a definite time constant. The modified Kp function is obtained as a solution of the differential equation describing the relaxation of ( from a given initial stage, with an imposed perturbation Kp2. The time constant of the relaxation is a measure of the delayed reaction of ( to Kp changes. Through the modified Kp function we evaluate the time constant of the delayed reaction of the F-layer to the geomagnetic forcing by a simple fitting to the measured (. We evaluate the time constant on a statistical base, using the cross-correlation function between ( and Kp. Using the previously developed model of the cross-correlation function and comparing it with the empirical estimates, obtained on the data from 14 European ionosonde stations over an 11 - year period, we obtain on the average, a time constant of 18 hours. 
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Introduction

The recent physical models of the ionosphere and thermosphere have shed light on the dynamic interaction between the thermosphere and ionosphere in their response to geomagnetic storms. Fuller-Rowell et al. (1994) and Fuller-Rowell et al. (1997), for example, offered a scenario of the global response of the thermosphere-ionosphere system to magnetospheric energy input. In the “driven phase” of the storm, e.g. the period of strong magnetospheric input, the upwelling of the molecule reach gas at auroral latitudes in the midnight sector forms a region, called “composition bulge”, where the gas mean molecular mass number is the highest. Once created, this bulge is driven by the prevailing winds in the post-midnight sector towards midlatitudes and then dragged to the dayside, causing negative disturbances at the F-region heights. The work of Fuller-Rowell et al. (1996) added seasonal dependence to their storm development model. Prevailing summer-to-winter circulation at the solstices transports the composition bulge through the equator, interacting with the conjugate winter midlatitude bulge and thereby causing a downwelling of the molecule reach gas, resulting in a decrease of mean molecular mass at the F-region heights. In this region the recombination rate decreases and positive disturbances take place. 

Based on the above physical picture, Fuller-Rowell et al. (1997) constructed an empirical formula to capture the gross movement of the composition bulge, and therefore the associated main negative ionospheric disturbance. Instead of taking the F-region critical frequency (foF2), they used the ratio of foF2 to its monthly median value at a given hour - denoted there as (. The Hemispheric Power (HP) (Evans et al., 1988) was used to represent the geomagnetic activity. HP is a measure of  the total incident energy deposited to the auroral region by the precipitating energy particles. Fuller-Rowell et al.. (1997) introduced an empirical formula, which described ( as a function of HP, universal time and geographic longitude. To model the time lag between the development of the composition bulge during the driven phase of the storm and the reaction of the ionosphere, HP was integrated over some past period. The empirical formula was fitted to the average ( in six regions of the globe to obtain the corresponding time delay. Muhtarov and Kutiev (1998a) and Kutiev and Muhtarov (in press) further developed the adopted approach by considering now Kp as a driving force. They developed an empirical model of ( in a single midlatitude band, between 30° and 55° dipole latitude, along all longitudes in the northern hemisphere. A non-divergent continuity equation was defined for (, factoring in the respective “production” and “loss” terms. The “production” of ( was presented as a function of Kp, modulated by a second function of local time. The “loss” term was taken proportional to ( with a loss coefficient (=1/T. The time constant T characterized the time delay between two quantities. As the model was designed to be driven by Kp, special efforts were made to construct a function of Kp, named Kf , with variations that closely resemble those of (. Kf contained an integral of the deviations of Kp2  from its monthly averaged values, damped by a time constant T.

The purpose of this paper is to give a systematic description of this approach, in which the quantity representing the driving force is modified in such a way, that its variations closely resemble those of the quantity representing the delayed reaction. In a further analysis we consider Kp as a measure of the driving force and the relative deviation of foF2 from its median (() as a measure of ionospheric reaction. We also consider a simple “cause-effect” relationship between these two quantities.

Basic formulations

As was mentioned above, the changes of ( usually lag behind those of Kp. This is clearly observed during geomagnetic storms. Fig.1 illustrates such a behavior. Kp, scaled on the right axis in descending order is plotted along with ( taken from Poitiers ionosonde station during the stormy period 6-16 July 1991. Two storms have taken place during this period, with about 60% depletion of foF2 during their main phases on 9th and 14th July, respectively. It is seen that ( and Kp are well (negatively) correlated with a clearly expressed delay of ( during recovery phases of the storms. Muhtarov et al., (1998) and Kutiev and Muhtarov, (in press) have shown that the mean dependence of ( on Kp can be approximated by a parabola. The most likely ionospheric condition ((=0) corresponds to Kp around 3, while the lower Kp corresponds to positive (.  To model the mean dependence of ( on Kp, Muhtarov et al., (2000) and Kutiev and Muhtarov, (in press) have introduced an explicit expression of the delay. The basic idea of this approach is the construction of a modified function of Kp which involves a delayed reaction to Kp by memorizing some past history of the Kp variations. We first consider a function F and write for it the following equation: 
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The left hand side of (1) describes a relaxation (exponential decrease) of F from a given initial stage with a time constant (the increment factor) T. The right hand side of (1) represents a perturbation Kp2,  imposed on the pure relaxation of F. The solution of (1) is:
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Fig.1.  Variations of the relative deviation of foF2 from its median (() taken from Poitiers ionosonde and Kp during the stormy period 6-16 July 1991. Kp is scaled on the right axis in descending node.

The function F exhibits now a delayed reaction to Kp forcing. Fig.2 shows a sketch, which illustrates F-Kp dependence. The step-like curve represents Kp, the solid and broken curves represent the reaction F for three values of the time constant T , obtained by equation (2).

Kp changes with 24-hour steps and is constant within them. These variations are typical during a medium geomagnetic storm. The reaction F follows Kp changes with some delay depending on the time constant T. In this particular sample, the reaction F with T >10 hours cannot reach a respective Kp value within the time steps and reacts to the next Kp step from  a lower level. Vice versa, the slower decay of F with respect to Kp makes the overall decrease more gradual. The larger the time constant is, the more delayed the reaction F is in regard to Kp changes. In such a way, we obtain a function (we call it modified Kp) which resembles the variations of the storm-time (. We can fit now the shape of F to that of ( in every particular case by varying the time constant. In Muhtarov et al., (2000), prior to fitting, the function F has been transformed by calculating its monthly medians and extracting its relative deviations from them, in analogy with (. Kutiev and Muhtarov, (in press) made a similar transformation of Kp2, before calculating F. This transformation improved the fitting, because both relative variations of F and ( have positive and negative values 
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Fig.2.  A sketch, showing a delayed reaction of the modified Kp function F to the forcing Kp, depending on the time constant T. 

around the respective medians. Fig. 3 shows variations of Kp (thin line), F (dashed line) and ( (solid line), the latter taken from Poitiers station during the geomagnetic storm  25-30 July 1981. For a better comparison, Kp and F are given in descending scales on the right hand side of the plot.  This sample shows that F and ( fit well to each other, especially during the recovery phase of the storm, when Kp decreases faster. Here F is calculated through (2) by setting T = 18 hours.

 Cross-correlation between ( and Kp
The analysis shows that the fit between ( and Kp during individual storms yields different time constants. The latter depends on local time of the storm onset, geographical location, season, etc. To obtain an average, statistically reliable, value of the  time constant, we need to find out the cross-correlation function between the two quantities over a large amount of data. The maximum of this function will show the time lag (difference) between moments at which the respective values of ( and Kp best correlate. The normalized empirical cross-correlation function, adopted in Kutiev et al., (1999) has the form: 
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Fig. 3.  Kp index (thin line), the modified Kp function F (dashed line) and ( (solid line) variations during the geomagnetic storm25-30 July 1981. The function F captures well the delayed reaction of ( during the recovery phase of the storm.
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Here x and y represent any two time series of data (x=y yields the autocorrelation), and  ( is the time lag between any two moments for which the respective values of x and y are cross-correlated; 
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and 
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 are the corresponding monthly average values. If we replace x and y with ( and Kp, we can calculate their empirical cross-correlation at any (. The theory shows (see for example Korn and Korn, 1968) that the time lag gives an approximate, not exact value of the time constant. To obtain it, we need to express the cross-correlation as an explicit function of the time constant. Muhtarov and Kutiev, (1998a) have modeled the cross-correlation function between ( and Kp ((K(), defined as:
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Here h(() is a filter function, representing an inertial process, ( and ( are the time lag and the time integration variable, (KK is the autocorrelation function of Kp, and (( and (K  are the standard deviations of ( and Kp respectively. The filter function h(() was defined for ( >0 by:
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and h(()=0 at ( ( 0. The time constant T represents the delaying reaction of ( to the forcing Kp and ( is the scale factor. (KK  was expressed by the exponential function:
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where Tk is time constant of the autocorrelation function of Kp. By expanding (5) and (6) into (4), Muhtarov and Kutiev (1998a) have obtained an analytical expression for (K(:
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The time constant T can then be obtained by fitting equation (7) to the empirical cross-correlation (3), using the extracted from the data standard deviations (( and (K and the time constant TK. Fig.4 shows the empirical and modeled autocorrelation functions of Kp. The empirical autocorrelation is obtained by using three-hourly values of Kp from 11 years (1981-1991). The modelled autocorrelation function is obtained by fitting (6) to the empirical autocorrelation function, which yields TK=20 hours. The straight line, being tangential to the model function at time lag zero, is the graphical representation of TK. The time constant is measured with the time lag of crossing the abscissa or, which is the same, with the time lag of the autocorrelation coefficient equal to e-1.

Having the time constant TK  known, we fit (K( from (7) to an empirically calculated cross-correlation function between ( and Kp. The latter is obtained by using data from 14 European ionosonde stations within the same 11 - year period. The empirical (solid line) and modeled (dashed line) cross-correlation functions are compared in Fig.5. The overall standard deviations (averaged for all stations) are (K=1.28 and (( =0.16, the scale factor is (=0.075. The modeled cross-correlation function, which best fits the empirical one, yields a time constant T=18 hours. This is a good example of the difference between the time lag and the time constant. As it is seen on the figure, the time lag (where the cross-correlation has its maximal value) is between 8 hours for the modelled and 12 hours for the empirical cross-correlation functions.
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Fig. 4.  Empirical and theoretical autocorrelation function of Kp versus the time lag (. The straight line, tangential to the theoretical curve at ( = 0. Time constant T is defined by the time lag at which this tangent crosses the abscissa.

Summary and conclusions

In this paper we attempt to give a detailed description of the approach used by the authors in modelling the delayed reaction of F-region ionization to the forcing from auroral latitudes during increased geomagnetic activity. The ionization around the F-layer height is represented by the relative deviation of foF2 from its median (denoted as (), while the geomagnetic activity is characterized by the index Kp. Although the present paper deals with Kp, other parameters representing the auroral forcing, as the Hemispheric Power Index, AE index, etc, can be used in the above formulae. The time constants, however, will have different values. 
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Fig.5.  Empirical and theoretical cross-correlation functions between ( and Kp. The best fit yields T=18 hours. 

The approach is based on the fact that the F-region reaction (the storm-time variation of () delays with respect to Kp changes. To evaluate this delay, we introduce a new modified function of Kp, which represents an inertial process, forced by Kp and relaxed with a definite time constant. The modified Kp function, denoted above as F, is obtained as a solution of the differential equation (1), describing a relaxation process with an imposed perturbation Kp2. The time constant of the relaxation is a measure of the delayed reaction of F to Kp changes. In this way, the modified Kp function is capable to evaluate the time constant of the delayed reaction of the F-layer to the geomagnetic forcing by simple fitting with the measured (. 

Assuming that the time constant is an intrinsic feature of the ionosphere, we evaluated it on a statistical base, using the cross-correlation function between ( and Kp. Using the previously developed model of the cross-correlation function and comparing it with the empirical estimates, obtained on the data from 14 European ionosonde stations over the 11- year period, we found that the average value of the time constant is about 18 hours. The time constant defined here as a characteristic of the time delay differs from the time lag between the best correlated values of ( and Kp, as shown on Fig.5. This is important when modeling the storm-time ionospheric variations.  

Topical Editor thanks S.Stankov and N.Kilifarska for their help in evaluating this paper.
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Моделиране на закъсняващата реакция на йоносферата към геомагнитното въздействие

П.Мухтаров, И.Кутиев

Резюме.  Представено е подробно описание на подхода на моделиране на закъсняващата реакция във F-областта към въздействието от аврорални ширини по време на повишена геомагнитна активност. Йонизацията в максимума на F-слоя е представена чрез относителното отклонение на foF2 от нейната медиана (означена като Ф), докато геомагнитната активност е характеризирана чрез индекса Кр. Подходът се базира на факта, че реакцията на F-областта закъснява спрямо промените на Кр. За да се оцени това закъснение, ние въвеждаме нова модифицирана функция на Кр, която представя един инертен процес, смущаван от Кр и релаксиращ с определена времеконстанта. Модифицираната функция на Кр е получена като решение на диференциално уравнение, описващо релаксацията на Ф от дадено начално ниво със смущаващото въздействие на Кр2. Времеконстантата на релаксация е мярка на закъсняващата реакция на Ф към промените на Кр. Чрез модифицираната функция на Кр ние оценяваме времеконстантата на закъснението чрез фитирането й към измерваните стойности на Ф.  Времеконстантата е определена статистически, използвайки кроскорелационната функция между Ф и Кр. От данните на 14 йоносферни станции за 11-годишен период бе определена една средна стойност на времеконстантата, равна на 18 часа.
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