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Abstract: In the paper analytical expressions concerning the diffusion from a limited linear source under windless conditions are found. First, simple analytical solutions for the ground level concentration of pollutants from continuously acting limited linear source at large and small diffusion times are proposed. Second, analytical expressions for the ground level concentration of pollutants from an instantaneous limited linear source at large and small diffusion times are found. Using the laboratory experimental data of Willis and Deardorff for the dispersion parameters linear and quadratic asymptotes are found at large and small diffusion times and the corresponding expressions about the ground level concentrations of pollutants from a limited linear source under calm conditions are obtained. These expressions are used for estimations of the road transport pollution at small and large distances from the line source.
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1. Introduction

When modelling the diffusion of pollutants due to road transport, usually the emissions of the vehicles from a given street are approximated as a continuously acting limited linear source. There are two approaches that may be used to solve this task. The first approach consists of finding an analytical solution of the semi-empirical equation of the turbulent diffusion. The second approach consists of an approximation of the linear source with a great number of continuous point sources and numerical integration after it. However, the second approach requires more computer time than the realization of an analytical solution. 

An analytical expression about the diffusion from a continuously acting limited linear source is given in paper (Yordanov et al., 1995). But the suggested expression is not applicable in calm conditions usually observed in the vicinity of the streets of cities as Sofia as well as in other large Bulgarian towns. 

The aim of this paper is to solve the case under calm conditions following the approach proposed in (Yordanov and Simeonova, 1997). In the present work the same approach will be used and new analytical expressions concerning the diffusion from a limited linear source under windless conditions will be suggested. 

2. Diffusion from a limited linear source at large diffusion times 

We start from the expression about the ground level concentration of pollution from an instantaneous point source with a height  h  and a fully reflective ground surface given in (Setton, 1958): 
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Under stationary and homogeneous conditions we use the expressions about the dispersion parameters  [image: image5.wmf]y
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  at large diffusion times ([image: image7.wmf]t
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), using the following asymptotes found in (Yordanov and Simeonova, 1997):
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 are the standard deviations of the wind velocity pulsations ; [image: image13.wmf](
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 is the Lagrangian correlation function; [image: image15.wmf]k
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  is the turbulent diffusion coefficient. 

Replacing the expressions (2) about the sigma-s in equation (1) and integrating on time from 0 to [image: image16.wmf]¥

 for the concentration of pollutants at the ground from a continuous point source we obtain: 
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Integrating equation (3) on y from [image: image21.wmf]L
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 we obtain the following expression for the concentration of pollutants from a limited continuous linear source with a length ([image: image23.wmf]L
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) under calm conditions at large diffusion times: 
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For an instantaneous linear source we first integrate equation (1) on  y  and obtain the following expression : 

[image: image28.wmf]1

2

tC

K

q

y

l

p

=

[image: image29.wmf]ú

ú

û

ù

ê

ê

ë

é

÷

÷

ø

ö

ç

ç

è

æ

-

-

÷

÷

ø

ö

ç

ç

è

æ

-

t

K

L

y

erf

t

K

L

y

erf

y

y

2

2

1

2

,                                          (5)
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After integrating equation (5) on time t we obtain again the expression (4).  The equations (4) and (5) give analytical expressions for the concentration of pollutants from a limited continuous linear source and for an instantaneous linear source under calm conditions at large diffusion times. 

To find the dispersion parameters we shall use the laboratory experimental data of Willis and Deardorff summarized by Lamb in (Nieuwstadt and H.Van Dop, 1982) and presented in Fig. 1 and Fig. 2 with dots In the figures the dimensionless dispersion parameters [image: image31.wmf]i
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 is the normalized vertical turbulent heat flux at the ground. The open circles mark the computed mean square lateral and vertical particle displacement for a source with height 0.25[image: image40.wmf]z
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 compared with the corresponding laboratory measurements (with full circles) of Willis and Deardorff following (Lamb, 1978). The presented results are approximated with the asymptotes (2) at large diffusion times and the calculated [image: image41.wmf]2
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Figure 1.  The dimensionless dispersion parameter [image: image44.wmf]i
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 as function of the dimensionless time [image: image45.wmf]i
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. The laboratory data of Willis and Deardorff (plotted with full dots) and the results of Lamb (open circles) are approximated for large and small diffusion times.
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Figure 2. The dimensionless dispersion parameter [image: image47.wmf]i
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 . The laboratory data of Willis and Deardorff (with full dots) and the modelling results of Lamb (open circles) are approximated for large and small diffusion times.

Taking into account (2) and the above approximations plotted in Fig.1 and Fig.2, for the diffusion coefficients at large diffusion times we obtain the following expressions: 
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Replacing (6) and (7) in equation (4) for the distribution of the concentration from a continuous limited linear source under windless conditions (u=0m/s) at large diffusion times we finally obtain: 
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3. Diffusion from a limited linear source at small diffusion times 

Analogously, at small diffusion times ([image: image57.wmf]LK
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), we will use for the dispersion parameters the following asymptotes:
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where  a  and  b  are constants. 

In this case for the ground level concentration of a continuous point source we obtain: 
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For an instantaneous limited linear source we have : 
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Integrating equation (11) on time from 0 to [image: image69.wmf]¥

, or equation (10) on  y  from  [image: image70.wmf]L

1

  to [image: image71.wmf]L

2
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 ) under windless conditions and small diffusion times we get: 

[image: image74.wmf]=

l

q

[image: image75.wmf]2

2

2

2

2

3

2

h

b

x

a

a

Q

+

p

[image: image76.wmf](

)

(

)

ú

ú

û

ù

ê

ê

ë

é

+

-

-

+

-

2

2

2

2

1

2

2

2

2

2

h

b

x

a

L

y

a

arctg

h

b

x

a

L

y

a

arctg

    (12)

Under convective conditions, using again the laboratory experimental data of Willis and Deardorf presented in Fig. 1 and Fig. 2  at small diffusion times we find the asymptotes 0.68X for  (z / zi and 0.4X for  (y / zi . Using the expressions (9) for the dispersion parameters at small diffusion times we have the following analytical expressions: 
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where   a=0.68[image: image83.wmf]*
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Replacing the expressions (13) and (14) in (12) for the ground level concentration due to a limited linear continuous source under windless conditions we finally obtain : 
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The equations (8) and (15) are the searched for analytical expressions about the diffusion from a limited linear source under calm conditions. 

4. Diffusion from the road transport 

Usually, when modelling the pollution from the road transport the different parts of the streets between the cross lights (the so cold ‘links’) are approximated as continuously acting limited linear sources. In this case we can assume that the line source is ground level with height [image: image88.wmf]0
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. Placing the beginning of the coordinate system at the middle of the limited line source with a length  L  and using the expressions (4), (5), (6) we obtain: 
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In Fig. 3 the dimensionless concentration [image: image93.wmf]Q
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 is presented with a solid line as a function of the reciprocal dimensionless distance  [image: image94.wmf]x
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  following equation (16) at  y=0 . The asymptote (17) is plotted with a dashed line at small  [image: image95.wmf]x
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Figure 3.  The dimensionless concentration [image: image97.wmf]Q
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  analogously from (12), (13) and (14) we obtain: 
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Expanding [image: image103.wmf](

)

z

arctg

 into series at large values of the argument we obtain: 

[image: image104.wmf]ú

ú

û

ù

ê

ê

ë

é

-

-

»

3

3

3

2

*

12

64

.

3

x

L

x

L

y

x

L

x

w

Q

q

l

.                                                      (19)

Analogously, the dimensionless concentration  [image: image105.wmf]Q
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Figure 4. The dimensionless concentration [image: image111.wmf]Q
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Conclusions

The suggested expressions are based on data for the diffusion parameters taken using results from the laboratory measurements of Willis and Deardorff and some comparisons. It will be better if we have data from field measurements. A future task might be the comparison with some experimental data as well as with the existing regular models. 
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Дифузия на примес от ограничен линеен източник при тихо време

Л. Симеонова, Д. Йорданов, М Коларова

Резюме.  В работата са представени аналитични решения за дифузия от ограничен линеен източник.  Представени са също асимптотите за приземна концентрация на примесите при малки и големи времена на дифузия.  Тези решения се прилагат за изследване на замърсяването от автомобилния транспорт при тихо време.
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